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Introduction
Pseudonoise sequences have wide applications in various areas, including signal processing, channel estimation, radar, cryptography, and communications. In particular, for codedivision multiple access (CDMA) communication systems, each user in the cell is assigned a user signature sequence, and correlation values between sequences should be low for multiplexing message signals. Low autocorrelation of each sequence is important for synchronization and low cross-correlation between sequences are crucial for intracell interference mitigation. Therefore, many studies have constructed sequence families with low auto-and crosscorrelations. Also, since large family size implies that a large number of users can communicate with each other in one cell, sequence families with low correlation and large family size are preferred.
One of the popular methods to construct sequence families is to investigate the correlation property of decimated m-sequences. If m-sequence m(t) and decimated sequence m(dt) by the decimation factor d have low cross-correlation, then by using shift-and-add method, a sequence family with good correlation property can be constructed easily. Thus, many researchers have attempted to find "good" decimation values and to investigate the correlation values of the decimated sequences. Helleseth and n = 2m, where m is an odd integer. Luo et al. [10] extended the result for p = 3 mod 4 case to the deci-
with odd m and k|m, and derived the correlation distribution. Sun et al. [11] derived the exact distribution of the cross-correlation for p = 1 mod 4 and
when m is odd and k|m. Xia and Chen [12] determined the distribution of the cross-correlation values for
, where p is any odd prime and m is any integer with odd m/k. Kim and derived the correlation values. Some recent results on the cross-correlation between msequences and their decimated sequences are summarized in Table 1 . For more detail, the reader is referred to [15] .
Recently, there have been some results for "halfperiod" (N = 
Choi et al.
[7] p = 3 mod 4 odd n, k|n 
Kim et al. [17] odd p even or odd
Xia and Chen [18] p ≡ 1 (mod 4) even or odd
Lee et al. [19] p = 3 mod 4 odd
Cho et al. [20] odd p even
. In Table 2 , we list these works for comparison.
In this paper, based on the Helleseth's work [1], for an odd prime p and an even integer n = 2m, the crosscorrelation values between two decimated m-sequences by 2 and d = 4p n/2 − 2 are derived. The crosscorrelation is at most 4-valued and takes the values in is the period of sequences in the family.
Preliminaries

A. Cross-Correlations and Trace Functions
Let p be an odd prime and n, m be integers such that m|n. Let F p n be the finite field with p n elements. Then the trace function from F p n to F p m , tr 
Let u(t) and v(t) be two p-ary sequences of period N. Then the cross-correlation C u,v (τ) between u(t) and v(t) at the time shift τ is given as
where ω = e 2π √ −1/p is a primitive p-th root of the unity. When u(t) = v(t), then the cross-correlation function is called the autocorrelation of u(t) denoted by C u (τ). Also, let S be a sequence family of period N. Then the maximum magnitude of the correlation C max of the family S is given as
where a case of τ = 0 and u(t) = v(t) is excluded.
B. Half-Period Decimated Sequences
Let m(t) be a p-ary m-sequence of period p n − 1 and d be a decimation factor. Consider two decimated sequences m(2t + i) and m(2dt + j), where 0 ≤ i, j ≤ 1. Note that we decimate m(dt) further by 2 as m(2dt). The period of
2 . Then the cross-correlation C i, j (τ) between m(2t + i) and m(2dt + j) is given as
Since gcd(2d, p n − 1) is a multiple of 2, we have
Therefore, (1) can be written as
where x = α t , a = α 2τ+i , and b = α j . Cho et al. [20] derived the distribution of crosscorrelation values of the above form for 2d = 2( Lemma 1 (Helleseth [1] ): Let p be an odd prime and n be an even integer. Then we have
Lemma 2 (Helleseth [1]): Let p be an odd prime and n be an integer. Then we have
Main Results
Throughout this section, we use the following notations.
• p is an odd prime.
• n = 2m, where m is an integer.
• 
where a = α 2τ+i and
2 , and define the set C k = {z ∈ F p n : z = α t , t = k mod 
, we have
p m +1 2 C i, j (τ)+ 1 2 = p m +1 2 1 2 x∈F p n ω tr n 1 (ax 2 −bx 2d ) = 1 2 p m −1 2 k=0 y∈F p n ω tr n 1 (aα 2k y p m +1 −bα 2dk y p m +1 ) = 1 2 p m −1 2 k=0 y∈F p n ω tr n 1 (y p m +1 (aα 2k −bα 2dk )) .
Now suppose that K(a, b)
is the number of solutions k of
Then by Lemma 1, we obtain
and thus
Therefore it suffices to show that K(a, b) can take only 0, 1, 2, and 3. We consider the following two cases.
1) p m = 3 mod 4:
In this case, we use the following notations: Then the followings hold as
By substituting 2k by l, we have 2dk = dl. Then (2) can be expressed as
Note that
Thus, (3) can be rewritten as
This is the cubic equation of γ 2l . Since l = 2k, we have 0 ≤ l < p m . But we have
Therefore, the number of solutions is less than or equal to three. Thus the proof for the case p m = 3 mod 4 is done.
2) p m = 1 mod 4:
In this case, the definition for β and γ is modified as follows:
and thus β 2(p m −1) = 1.
• γ = α Then the following properties hold in this case as
we have
This is the cubic equation as in the case of p m = 3 mod 4. Furthermore, we have
is odd. Therefore, the number of solutions is less than or equal to three. Thus the proof is done. Remark 2: In [1], the correlation is exactly 4-valued and the value distribution of the cross-correlation is derived. But in this case, the number of the correlation values can be three or four, as proved in Corollary 4. Also the technique in [1] cannot be applied to derive the distribution since the correlation considered in this paper is that of half-period sequences.
In addition, we can obtain the following result for the cross-correlation. Proof: 1) p m = 3 mod 4 and j = 1: In this case, b = α j = α. Thus (4) can be expressed as
Suppose that three distinct solutions γ 2l 1 , γ 2l 2 , and γ 2l 3 exist. Then we have
But the left-hand side is even and the right-hand side is odd. Thus the number of solutions of (4) is at most 2.
2) p m = 1 mod 4 and j = 0: Since p m = 1 mod 4 and j = 0, we have b = 1. Then (5) can be written as
Now suppose that three distinct solutions γ 2l 1 , γ 2l 2 , and γ 2l 3
exist. Then we have
As in the case of 1), the left-hand side is even and the righthand side is odd. Thus the number of solutions of (5) is at most 2. Therefore the proof is complete.
Here are two examples of the above theorem and corollary. 
Half-Period Sequence Family
Based on Theorem 3, a new sequence family of half-period sequences can be constructed using shift-and-add method.
Theorem 7: Let p be an odd prime and n = 2m be an even integer with p m 2 mod 3. Suppose d = 2d = 4p n/2 − 2 and m(t) is a p-ary m-sequence of period p n − 1. Define the sequence family
2 . The correlation function of the sequences in S is at most five-valued in
, that is, the maximum magnitude of the correlation is upper bounded by
n/2 2 and the family size is 4N = 2(p n − 1).
Then the crosscorrelation C(τ) between these two sequences is given as
where Note that the condition p m 2 mod 3 is not too restrictive because p m = 2 mod 3 is equivalent to p = 2 mod 3 and m is odd. Thus we can construct the proposed family if p = 1 mod 3 or m is even. For comparison, some known half-period sequence families are listed in Table 2 . and QR and NQR are sets of squares and nonsquares in F * p n , respectively. But evaluation of these numbers does not seem to be easy. Thus we remain it as a further work.
Conclusion
In this paper, for any odd prime p and an even integer n = 2m, the cross-correlation values between two decimated m-sequences by 2 and d = 4p n/2 − 2 are determined. The cross-correlation is at most 4-valued and takes values in 
